In Thurston's notes, he gives two different definitions of the Gromov norm (also called simplicial volume) of a manifold and states that they are equal but does not prove it. Gromov proves it in the special case of hyperbolic manifolds as a consequence of his proof that simplicial volume is proportional to volume. We give a proof for all differentiable manifolds.
Introduction
In [Thu] , Thurston gives two different definitions of the Gromov norm (also called the simplicial volume) of a manifold and states they are equivalent but does not prove it. The two definitions use norms on measure homology and singular homology, defined below. In this note, we prove more generally that for all differentiable manifolds M the measure homology of M is isometric to the singular homology of M. To our knowledge, a proof of this has not appeared before in the literature.
Gromov [Gro] proved this result in the special case of closed hyperbolic manifolds as a consequence of his result that the simplicial volume of a hyperbolic n-manifold is related to its volume by
where v n is the maximum volume of an ideal simplex in hyperbolic n-space. Detailed proofs of this equation appear in [BeP, Rat] . Using theorem 2.1 below and Thurston's smearing construction [Thu] , it is possible to give a slightly simpler proof of equation (1).
First Definition: simplicial norm
Let S(M) be the singular chain complex of a manifold M. For each nonnegative integer k, S k (M) is a real vector space with basis consisting of all continuous maps σ : ∆ k → M where ∆ k ⊂ R k is the standard simplex; the convex hull of 0 and the standard basis vectors e 1 , .., e k . The norm of an element
is defined by ||c|| := Σ σ |r σ |.
If α is a homology class in H k (M), its simplicial norm is by definition the infimum of ||c|| over all k−chains c ∈ S k (M) representing α. If M is a closed oriented n-manifold the simplicial-Gromov norm of M, written ||M|| is the simplicial norm of the fundamental class
Second Definition: measure homology
Consider the space C(∆ k , M) of continuous maps from the simplex ∆ k into M with the open-compact topology. Let C k (M) be the real vector space of all compactly supported signed Borel measures µ of bounded total variation ||µ|| on the space C ∞ (∆, M). Here
where µ = µ + − µ − is the Jordan decomposition of µ into its positive and negative variations. We let the total variation ||µ|| be the norm of µ.
There is an obvious boundary map
We will denote the resulting homology by H k (M).
As in the previous definition, if α is a homology class in H k (M), its measure-simplicial norm is defined as the infimum of ||µ|| over all measures µ ∈ C k (M) representing α. If M is a closed oriented n-manifold the measure-Gromov norm of M, written ||M|| m is the measure-simplicial norm of the fundamental class
There is a chain-complex inclusion homomorphism j :
where c is as in equation (2) above and δ σ is the probability measure supported on the singleton {σ}. The inclusion j preserve the norms of the respective spaces. According to [Zas] , j induces an isomorphism on homology whenever M is a simplicial complex. When M is not a simplicial complex, the example in [Zas] shows that j need not be an isomorphism.
The two definitions are equal
In this subsection we prove Theorem 2.1. Let M be a differentiable manifold. Then j * : H * → H * is a norm-preserving isomorphism.
Remark: From the proof below, one can easily extend this theorem to the case of locally finite simplicial complexes and to relative homology.
Proof. Since the inclusion j : S(M) → C(M) is norm preserving it follows that for any homology class α ∈ H k (M),
So we need only show the reverse inequality. Let µ be a measure in C k (M). It suffices to show there is a chain c ∈ S k (M) so that the homology class [j(c)] = [µ] and ||c|| ≤ ||µ||.
Since the support of µ is compact, it follows that there are a finite number of connected components M 1 ,...,M m of M such that every singular simplex σ in the support of µ maps into one of the M i . So without loss of generality we may assume that M is connected. Because the support of µ is compact the union of the images of all simplices in the support of µ is compact. Therefore, we may assume that M itself is compact (possibly with boundary). Using partitions of unity, we may assume that M is a Riemannian manifold. Let x 0 ∈ M. Let X 0 ⊂ C(∆ k , M) be the set of singular simplices σ : ∆ k → M that map all the vertices of σ to x 0 . We will show there is a measure µ ′ representing the same homology as µ and with the same norm as µ such that µ ′ is supported on X 0 . To accomplish this, let {(S i , B i )} ∞ i=1 be a collection of pairs of subsets of M such that
• each S i and B i is homeomorphic to a closed ball,
• S i is contained in the interior of B i for all i,
• the union of all the interiors of S i is M and
It is possible to find such a sequence of pairs because M is assumed to be compact and connected. For each i, let r i : M → M be a continuous map such that
• r i fixes the complement of B i pointwise;
For any singular simplex σ : ∆ k → M we let R(σ) be defined as follows. We assume that the vertices of ∆ k are numbered 0, 1, 2, .., k. Then we let R 0 (σ) = r i • σ where i is the smallest number such that the 0-th vertex of σ is contained in S i . In general we let R j (σ) = r m • R j−1 (σ) where m is the smallest number such that the j-th vertex of R j−1 (σ) is contained in S m . We let R(σ) = R k (σ). Note that all the vertices of ∆ k are mapped by R(σ) into x 0 . It is clear that the map R : C(∆ k , M) → C(∆ k , M) is measureable and induces a map R * on C k (M) that is chain-homotopic to the identity so that [R * (µ)] = [µ] . Also the total variation of R * (µ) is at most equal to the total variation of µ (it could be less if a set of positive µ + measure is identified with a set of positive µ − measure under R). After replacing µ with R * (µ) then we may assume that µ is supported on the set X 0 of all singular simplices that map all vertices of ∆ k into x 0 .
For each singular simplex σ ∈ X 0 , let H(σ) ⊂ C(∆ k , M) denote the homotopy class of σ relative to the vertices of ∆ k . We claim that H(σ) is open in C(∆ k , M). To see this, let
be a cover of M by open balls such that for all i and any x, y ∈ O i there exist a unique geodesic segment between x and y contained in O i .
Let N(σ) be the set of all simplices σ ′ in X 0 such that for all x ∈ ∆ k , σ(x) and σ ′ (x) are in O i where i is the smallest number such that
is the point on the unique geodesic between σ(x) and σ ′ (x) contained in O i such that the distance between σ(x) and h(x, t) along this geodesic is equal to t times the distance between σ(x) and σ ′ (x) along the same geodesic. It is clear that h defines the required homotopy. Hence N(σ) is an open neighborhood around σ in H(σ) and H(σ) is open.
Because the support of µ is compact, it follows that it is contained in a finite number of homotopy classes, say H(σ 1 ), ..., H(σ m ). We choose the representatives σ 1 , ..., σ m so that for any i and j in {1, ..., m} if σ 
It is now easy to see that [j(c)] = [µ] and ||c|| ≤ ||µ||. This inequality is strict if for some homotopy class H(σ i ) both µ + and µ − take a positive value on H(σ i ).
Corollary 2.2. The simplicial Gromov norm of a differentiable manifold M is equal to its measure-Gromov norm.
